Supplementary Problems

These are practice questions: ydo notneed to hand in solutions. You can also
study past exam papers. PH211 (now PHYS2006) was a new cout$93, so
you'll find some relevant questions in pre 1993 PH101 papers.

1. A rocket burns a kerosene-oxygen mixture: the completeibgrof 1kg of
kerosene requires.8kg of oxygen. This burning produces abou? 4 107 J
of thermal energy. Suppose that of this energy goes into kinetic energy of
the reaction products (4kg). What will be the exhaust speed of the reaction
products? [Hint: you can answer this by using the expredsinthe kinetic
energy of a system of particles in terms of the centre of mag&oomplus that
due to the motion relative to the CM.]

2. At timet =0 a dust particle of massy starts to fall from rest through a
cloud. Its mass grows exponentially with the distance falé® that after falling
through a distanceits mass isnpexp(ax), wherea is a constant. Show that at
timet the velocity of the particle is given by

V= \/gtant(tw/ag)
whereg is the acceleration due to gravity.

3. The total mass of a rocket is 10kg including fuel. What pathig mass should
be fuel in order that the kinetic energy of the rocket aftéthad fuel is burned
is maximised? If the velocity of the exhaust gases is 300 ndetermine this
maximum kinetic energy. Ignore gravity.

4. A payload of massnis mounted on a two stage rocket. Tiogal mass of both
rocket stages, fully fuelled, plus the payloadNs1 The mass of the fully
fuelled second stage plus payloadyidlm For each stage the exhaust speed
is uand the full fuel load makes up 90% of the total mass of theestag

vNm

E 90% fuel 90% fuel m >

Nm
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(i) Show that the speed gained from rest, after first stageduirand separa-
tion followed by second stage burn, is

2uln (ﬁ) .

(i) If u=2.5kms™!, show that the two-stage rocket can achieve a payload
velocity of 10kms! for large enougtN, but that a single stage rocket
with the same construction and payload caverdo so (take the single
stage rocket to have payload masss before and to have 90% of the
stage mass as fuel initially).

5. Find the direction and magnitude of the total torque aboeiitigin produced
by the forcesF; = F(X+ 2§+ 2) acting atr; = a(X— y) andF, = F(2X —
3y+42z) acting atrp = a(X+ 2).

6. A car travels round a curve of radiusIf his the height of the centre of mass
above the ground andb2he width between the wheels, show that the car will
overturn if the speed exceeqégrb/h, assuming no side slipping takes place.
If the coefficient of friction between the tyres and the rogg,ishow that the
car will skid before overturning ift < b/h.

7. (@) A reel of thread of radiua and moment of inertidMk? is allowed to
unwind under gravity, the upper end of the thread being fixadd the
acceleration of the reel and the tension in the thread.

(b) Find the acceleration of a uniform cylinder of radimsolling down a
slope of inclinatiorB to the horizontal.

8. (&) AmasaM is suspended at a distantcom its centre of mass. By writing
down the equation of rotational motion, show that the penddmall

oscillations is
|
P | T
\/ mg/’

wherel is the moment of inertia about the point of suspension.

(b) A body of moment of inertid about its centre of mass is suspended from
that point by a wire which produces a torqueer unit twist. Show that
the period of small oscillations is

2m/1/1

9. Calculate the moments of inertia of;

(8) athinrod aboutits end

(b) athin circular disc about its axis

(c) athin circular disc about its diameter
(d) athin spherical shell about a diameter
(e) auniform sphere about a diameter

Note that already known results, together with symmetry hedp you.



10. Two cylinders are mounted upon a common axis and a motor ce e

11.

12.

13.

rotate with respect to the other. Otherwise the systemiatesw. The following
sequence of operations takes place:

(a) one half is rotated with respect to the other throughepgl|

(b) the moments of inertia of the cylinders change figrandl, to 17 andl;

(c) the two halves are rotated back until they are in theigio&l relative
positions

(d) the moments of inertia are restored to their originaligal

Show that the whole system is at rest but has rotated thraughgle

I5/11—12/11
(1+12/12) (14 15/17)

This illustrates how a falling cat can manage to land on &$.fe

A thin straight rod 20m long, having a linear densitgf 0.5kgnt ! lies along
the y-axis with its centre at the origin. A 2kg uniform sphere lags the x-

axis with its centre of mass 3m away from the rod’s centre ofsnawhat
gravitational force does the rod exert on the sphere?

A planet of massn moves in an elliptical orbit around a sun of mads Its
maximum and minimum distances from the sunmgg andr min.
Show that the total energy of the planet can be written in onen f

1 L2  GMm
E=-mi’+——
2mr +2mr2 r

whereL is the angular momentum. Hence show that

GMm
Mmax+ 'min=———=—

E

Using conservation of energy, find the maximum and minimutaorgy of the

Assuming Kepler’s law relating the periddof the orbit to the semi-major axis
of the ellipse, show that
T[(rmax‘|‘ I'min)

v VmaxVmin

T=

For motion under a central conservative force, the totalggnand the angular

momentumL are conserved. For the special case of an inverse-square law

force, such as gravitation or the Coulomb force, with pagenergyV (r) =
—k/r, we will show that there is a second conserved vector, thegBuluenz
vectorA, given by

A=pxL—mkf

By considering® (r-r) = $(r?), or otherwise, show that

di v r-wv

dat r 13
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14.

15.

16.

17.

18.

A Supplementary Problems

wherev =r. Use the equation of motion to show that

. k
p><L:—ﬂ

r3r><(r><v)

Now use the above results to demonstrateéhaio, orA is conserved.

A is perpendicular th. (A-L = 0), soA defines a fixed direction in the orbit
plane. Let the angle betweerandA be6. Take the dot product afwith A to
show that

rAcosd = L% — mkr

By comparing to the standard equatidir = 1+ ecosd, express the eccen-
tricity e in terms of the lengti of the Runge-Lenz vector. Which point of the
orbitisA directed towards?

Hint: the following identities for arbitrary vectoes b andc, may be useful

ax(bxc) = b(ac)—c(ab)
a-(bxc) = (axb)-c

[Hard] A ballistic rocket is fired from the surface of the Earth witblacity

v < (Rg/¥2 at an anglex to the vertical. Assuming the equation for its orbit,
show that to achieve maximum rangeshould be chosen so that 2a— R,
where( is the semi-latus rectuna is the semi-major axis arid is the Earth’s
radius. Deduce that the maximum rangeR®2vhere

gV
sin@ RV

A locomotive is travelling due North in latitude along a straight level track
with velocity v. Show that the ratio of the forces on the two rails is approxi-

mately
4wvh

14+ ——sinA
ga
whereh is the height of the centre of mass above the rails aid the distance

between the rails. Calculate this ratio for a speed of 150kmm latitude
45deg North, assuming thht= 2a. Which rail experiences the larger force?

A uniform solid ball has a few turns of light string wound anaiit. If the end
of the string is held steady and the ball allowed to fall urgtewity, show that
the acceleration of the ball ig37.

A body of moment of inertiad is suspended from a torsion fibre for which the
restoring torque per unit angular displacemerit;isvhen the angular velocity
of the body iXQ it experiences a retarding torqk@. If the top end of the fibre
is made to oscillate with angular displacemegsinwt, wherew? = T /1, show
that the maximum twist in the fibre ig(1+T1/k?)/2.

Two identical massem are suspended by light strings of lengthThe sus-
pension points are distanteapart and a light spring of natural lengthand

spring constark connects the two masses. Indicate qualitatively the forthef
two normal modes for oscillations in the plane of the striagd spring. Write
down the equations of motion for small oscillations of thesses in terms of
their horizontal displacements andx, from equilibrium. Find the normal
mode frequencies and verify your guess for the ratjoc; in the two modes.
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19. Alarge number of identical massesarranged in a line at equal intervalsare
joined together by identical springs between neighbohessprings being such
that unit extension requires a forpe The mass at one end is oscillated along
the direction of the line with angular frequenay Show that a compressional
wave is propagated along the line with wavenumbgiven by the expression

w=wpsinka/2),  wy=2(u/m2

What happens ifis made greater thag?



